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PENROSE LIMITS OF LIE BRANES AND A
NAPPI–WITTEN BRANEWORLD
SONIA STANCIUz AND JOSE´ FIGUEROA-O’FARRILL
Abstract. Departing from the observation that the Penrose limit
of AdS3×S3 is a group contraction in the sense of Ino¨nu¨ and
Wigner, we explore the relation between the symmetric D-branes
of AdS3×S3 and those of its Penrose limit, a six-dimensional
symmetric plane wave analogous to the four-dimensional Nappi–
Witten spacetime. Both backgrounds are Lie groups admitting
bi-invariant lorentzian metrics and symmetric D-branes wrap their
(twisted) conjugacy classes. We determine the (twisted and un-
twisted) symmetric D-branes in the plane wave background and we
prove the existence of a space-filling D5-brane and, separately, of
a foliation by D3-branes with the geometry of the Nappi–Witten
spacetime which can be understood as the Penrose limit of the
AdS2×S2 D3-brane in AdS3×S3. Parenthetically we also derive
a simple criterion for a symmetric plane wave to be isometric to a
lorentzian Lie group. In particular we observe that the maximally
supersymmetric plane wave in IIB string theory is isometric to a
lorentzian Lie group, whereas the one in M-theory is not.
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1. Introduction
The Penrose limit [1, 2], originally a curiosity of four-dimensional
General Relativity without many practical applications, has attracted
much attention recently, largely due to its role in the novel large N
limit of supersymmetric gauge theories discovered in [3] and vigorously
studied since. The classical “pointlike” geometry of the Penrose limit
is by now well understood [4], but strings probe other aspects of the
spacetime geometry (e.g., D-submanifolds). It is therefore a natural
question to ask how these behave under the Penrose limit.
This project thus originated as an attempt to understand what the
Penrose limit, in its more recent stringy avatar, does to branes. In
other words, if two string backgrounds are related by a Penrose limit,
then how, if in any way, do the branes in one background relate to the
branes in the other background? A priori one might suspect that there
is little or no relation, since a brane might be localised far away from
the null geodesic along which we are performing the Penrose limit, and
hence will be lost in the limit. On the other hand, it is always possible
to consider lorentzian branes which intersect a null geodesic and see if
and how the limit of the background induces a limit of the brane.
Lie groups admitting a bi-invariant metric comprise a class of ex-
act string backgrounds whose D-submanifolds (at least the symmet-
ric ones) are well understood geometrically. It is therefore reason-
able to investigate these backgrounds first and study what happens
to Lie branes1 in the limit. In this paper we will collect our initial
results in this topic by studying two vacua of the minimal chiral six-
dimensional supergravity. These backgrounds can be lifted to exact
backgrounds of ten-dimensional string theory by crossing them with
some four-dimensional exact background like flat space or a K3 sur-
face, for instance. However we will ignore the four-dimensional factor
in what follows and concentrate on the six-dimensional geometry.
The backgrounds in question are AdS3×S3 and the six-dimensional
version NW6 of the Nappi–Witten spacetime [5] discovered in [6] in
the supergravity context and denoted there KG6. Both of these back-
grounds are Lie groups and the Penrose limit which relates them can
also be interpreted as a group contraction in the sense of Ino¨nu¨–Wigner
[7]. This will be explained in Section 2, which also contains a subsection
on the geometric characterisation of those symmetric plane waves which
are isometric to Lie groups admitting a bi-invariant metric. Strings
propagating in such Lie groups are described by a WZW model, whose
symmetric D-submanifolds are known to be given by (shifted, twisted)
conjugacy classes [8, 9, 10, 11]. The symmetric D-submanifolds for
AdS3×S3 were determined in [12, 13] and the results are reviewed in
1Throughout this article we use the term “Lie brane” as a shorthand for “sym-
metric D-brane in a Lie group.”
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Section 3 to ease the comparison. Those in NW6 are worked out in
Section 4 for the first time following the method of [11] for the four-
dimensional Nappi–Witten spacetime NW4. In particular we demon-
strate the existence of D3-branes isometric to NW4 which foliate NW6
in a variety of ways. This is done in two ways: by a geometric argu-
ment and by an explicit calculation. We also show that NW6 admits a
space-filling Lie brane. Both are examples of twisted conjugacy classes
by a nontrivial outer automorphism.
Note added
¿Y ha de morir contigo el mundo tuyo,
la vieja vida en orden tuyo y nuevo?
¿Los yunques y crisoles de tu alma
trabajan para el polvo y para el viento?
Antonio Machado
Most of the work contained in this paper was finished in March 2002,
weeks before the terrible illness which so tragically cut short the life of
the first named author began to take its toll. The decision to finally
write up the paper at this late stage is due in part to the fact that some
of the results presented here are revisited in forthcoming work involving
the second named author, who would like to take this opportunity to
apologise for the delay in completing the present paper.
In the intervening time a number of papers have appeared dealing
with D-branes in the Penrose limit of AdS3×S3 in the supergravity
approximation. Two papers [14, 15] deal with intersecting branes (at
angles). As remarked at the end of [11, Section 2.3], Lie branes always
wrap submanifolds, whence intersecting brane configurations are not
described by twisted conjugacy classes, at least in a straightforward
manner. Our results therefore bear no comparison. Three other pa-
pers can be compared and agree with our results. In [16] the authors
construct D5- and NS5-brane solutions of type II supergravity whose
worldvolume is the space-filling brane in NW6 described in Section 4.3.2
of the present paper. These solutions are obtained as the Penrose lim-
its of fivebranes in AdS3×S
3×R4 with worldvolumes which are space-
filling in AdS3×S3. These fivebranes are not Lie branes, though. In
[17], the authors constructs an M5-brane solution whose worldvolume
geometry agrees with the space-filling brane above by taking a Penrose
limit of an M5-solution with worldvolume geometry AdS3×S
3. Finally,
in [18] the authors find, in the T-duality orbit of the D5-brane solu-
tion in [16], a D3-brane solution whose worldvolume is isometric to the
Nappi–Witten spacetime NW4 and hence to the symmetric D3-branes
described in Section 4.4. The Nappi–Witten spacetime also arises as a
Penrose limit of the near horizon geometry of a NS5-brane [19].
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2. The Penrose limits of AdS3×S3 as group contraction
The Penrose limits of AdS3×S3 were recently discussed in [20, 4].
There are two possible limits: the generic Penrose limit is a lorentzian
symmetric space which, if the radii of curvature of AdS3 and S
3 are
the same, is conformally flat. There is a also a special limit in which
the resulting spacetime is flat. In the generic case with equal radii of
curvature, we can also understand this Penrose limit by isometrically
embedding AdS3×S3 in R8 with a flat metric of signature (6, 2). The
Penrose limit is then induced by a generalised Penrose limit along a
null plane through the origin, as discussed in [4].
2.1. Penrose limit as a group contraction. In this section we will
discuss the Penrose limit in terms of group contraction. The manifold
AdS3×S3 is isometric to the Lie group SU(1, 1) × SU(2) with a bi-
invariant metric. One-parameter subgroups are geodesic relative to
bi-invariant metrics, hence any one-parameter subgroup which is null
relative to the bi-invariant metric gives rise to a null geodesic whose
associated Penrose limit can be understood as a group contraction.
Such special cases of Penrose limits have been considered in [21].
We will identify the Lie groups SU(1, 1) and SU(2) with their defining
representations. That means that SU(1, 1) is the group of matrices of
the form (
a b
b¯ a¯
)
(1)
where a and b are complex numbers satisfying |a|2−|b|2 = 1. Similarly
SU(2) is the group of matrices of the form(
a b
−b¯ a¯
)
(2)
where a and b are complex numbers satisfying |a|2 + |b|2 = 1. The
groups SU(1, 1) and SU(2) admit bi-invariant metrics induced from
ad-invariant inner products in their respective Lie algebras:
〈X, Y 〉 = ±1
2
TrXY , (3)
where the positive sign is for X, Y ∈ su(1, 1) and the negative sign for
X, Y ∈ su(2).
Consider the U(1) subgroup of SU(1, 1)×SU(2) consisting of diagonal
matrices 

eiϕ
e−iϕ
eiϕ
e−iϕ

 where ϕ ∈ R/2πZ. (4)
This subgroup defines a null circle in SU(1, 1)×SU(2) relative to the bi-
invariant metric. Indeed, the tangent vector to the circle at the above
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element is 

ieiϕ
−ie−iϕ
ieiϕ
−ie−iϕ

 ,
whose norm vanishes relative to the inner product defined by (3).
Let Xi, i = 0, 1, . . . , 5 be the following pseudo-orthonormal basis for
su(1, 1)⊕ su(2):
X0 = iσ3 ⊕ 0 X1 = σ1 ⊕ 0 X2 = σ2 ⊕ 0
X3 = 0⊕ iσ1 X4 = 0⊕ iσ2 X5 = 0⊕ iσ3 ,
where the σi are the standard (hermitian) Pauli matrices. The nonzero
Lie brackets are given by
[X0,X1] = −2X2
[X0,X2] = 2X1
[X1,X2] = 2X0
[X5,X3] = −2X4
[X5,X4] = 2X3
[X3,X4] = −2X5
,
and the inner product is
〈Xi,Xj〉 = ηij ,
where η = diag(−1, 1, . . . , 1).
The Lie algebra of the circle subgroup is generated by U = X0 + X5.
We see from the above inner product that U is indeed null. Let V =
X0 − X5 be the complementary null generator. In order to define the
contraction, we let Ω > 0 and introduce new generators by
Pi = ΩXi J =
1
2
U K = Ω2V ,
for i = 1, 2, 3, 4. The contracted Lie algebra n is defined as the limit
Ω→ 0 of the brackets of the new generators:
[J,P1] = −P2
[J,P2] = P1
[J,P3] = −P4
[J,P4] = P3
[P1,P2] = K
[P3,P4] = K
with K central. The resulting Lie algebra is solvable: indeed its second
derived ideal is central. It is essentially a Heisenberg Lie algebra with
central element K, together with an outer automorphism J. It admits
an ad-invariant inner product inherited from the one in su(1, 1)⊕su(2).
In fact, the inner product on the generators {Pi, J,K} is given by taking
the limit Ω → 0 of Ω−2 〈−,−〉, where 〈−,−〉 is the inner product in
(3). The nonzero inner products are
〈Pi,Pj〉 = δij 〈J,K〉 = −1 ,
where i, j = 1, 2, 3, 4.
We can view this Lie algebra n from another point of view, which is
more useful in determining its conjugacy classes. We can understand it
is a central extension of a subalgebra of the four-dimensional euclidean
algebra. Indeed, the generators Pi are translations in R
4 and J is a
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combined rotation in the (12) and (34) planes. Together they span a
subalgebra of the euclidean algebra so(4)⋉R4. Introducing the complex
structure
J =


0 −1 0 0
1 0 0 0
0 0 0 −1
0 0 1 0

 ,
we can rewrite the Lie algebra as
[J,Pi] =
∑
j
JijPj [Pi,Pj] = −JijK .
In the language of [22] (see also [23]) this exhibits the Lie algebra as
the double extension of the abelian Lie algebra R4 by R, which explains
why this is a solvable Lie group admitting a bi-invariant inner product.
2.2. A six-dimensional Nappi–Witten group. The interpretation
of the Lie algebra n as a central extension of a subalgebra of the eu-
clidean algebra makes it very easy to write down the corresponding
Lie group N . It will prove convenient to think of R4 with the com-
plex structure J as C2. Indeed, on the complex linear combinations
P1 + iP2 and P3 + iP4, the generator J acts by multiplication by i. Let
us define R(θ) = exp(θJ) and T (u) = exp(u · P), where for u ∈ C2,
u · P = Re u¯tP, where P = (P1 + iP2,P3 + iP4). We then have the
following group multiplications
R(θ)R(θ′) = R(θ + θ′)
R(θ)T (u) = T (e−iθu)R(θ) .
(5)
The central extension now makes the translation algebra noncommu-
tative. Indeed, using the Baker–Campbell–Hausdorff formula it is easy
to find
T (u)T (u′) = T (u+ u′)Z(1
2
ω(u, u′)) , (6)
where Z(t) = exp(tK) and where ω is the symplectic structure defined
by
ω(u, u′) = Im(u¯tu′) .
Therefore the group elements of (the universal covering group of) N
are parametrised by (u, θ, t) ∈ C2×R×R and the corresponding group
element g(u, θ, t) is given by
g(u, θ, t) = T (u)R(θ)Z(t) .
It is easy to work out the group multiplication law from equations (5)
and (6), and one finds:
g(u, θ, t)g(u′, θ′, t′) = g
(
u+ e−iθu′, θ + θ′, t+ t′ + 1
2
ω(u, e−iθu′)
)
. (7)
It follows that the identity is g(0, 0, 0) and that the inverse of g(u, θ, t)
is given by
g(u, θ, t)−1 = g(−eiθu,−θ,−t) . (8)
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Finally let us work out the bi-invariant metric on the group in this
(global) coordinate system. The metric at (u, θ, t) is given by
ds2 =
〈
g−1dg, g−1dg
〉
, (9)
where g = g(u, θ, t). A simple calculation shows that
g−1dg(u, θ, t) =
(
eiθdu
)
· P+ dθJ+
(
dt− 1
2
ω(u, du)
)
K . (10)
Explicitly, if u = (u1 + iu2, u3 + iu4), one has(
eiθdu
)
· P = (du1 cos θ − du2 sin θ)P1 + (du2 cos θ + du1 sin θ)P2
+ (du3 cos θ − du4 sin θ)P3 + (du4 cos θ + du3 sin θ)P4 .
Inserting this into (9), we obtain the following expression for the bi-
invariant metric on the group:
ds2 = |du|2 + ω(u, du)dθ− 2dθdt .
Changing coordinates to x = eiθ/2u, x+ = −2t, x− = 1
2
θ, the metric
becomes
ds2 = |dx|2 − |x|2(dx−)2 + 2dx+dx− , (11)
which we recognise as a Cahen–Wallach metric, corresponding to a
(conformally flat) indecomposable lorentzian symmetric space [24]. In
fact, it is a six-dimensional analogue of the Nappi–Witten spacetime
in [5] and hence will be denoted NW6 when we want to emphasise its
geometry instead of the Lie group structure. As a vacuum solution to
the minimal chiral six-dimensional supergravity, it was discovered by
Meessen [6].
The fact that a symmetric space is isometric to a Lie group with a
bi-invariant metric is of course not unusual. After all, every group G
admitting a bi-invariant metric is itself a symmetric space: simply con-
sider (G×G)/G, where we quotient by the diagonal subgroup. However
for the Cahen–Wallach symmetric spaces of the type considered here,
the usual description is G/K where G is a solvable Lie group and K
an abelian subgroup. The question arises as to whether every Cahen–
Wallach space is isometric to some Lie group with a bi-invariant metric.
Before turning our attention to the description of symmetric branes for
this geometry, let us take a moment to answer this question, since the
answer might be of independent interest.
2.3. Symmetric plane waves and lorentzian Lie groups. It fol-
lows from the structure theorem of [22] and the refinement in [23,
25] that indecomposable lorentzian Lie groups are either simple (e.g.,
SU(1, 1)) or solvable. In order to obtain a symmetric plane wave met-
ric we need only concentrate on the solvable case. The only solvable
Lie groups admitting a bi-invariant metric are those whose Lie alge-
bras are obtained from the one-dimensional Lie algebra by iterating
two constructions: double extension and orthogonal direct sum. Fur-
thermore if the metric is lorentzian then there is at most one double
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extension. Let us focus on indecomposable Lie algebras admitting a
lorentzian invariant metric. In this case there is precisely one double
extension and in fact it is not hard to show that these Lie algebras are
given by the double extension of an abelian Lie algebra En (with the
standard euclidean inner product 〈−,−〉) by the one-dimensional Lie
algebra R. The action of R on En is generated by a skew-symmetric
endomorphism J : En → En. If x,y ∈ En and e− generates R and e+
generates the dual algebra R∗, then the Lie brackets are given by
[e−,x] = J(x) and [x,y] = ω(x,y)e+ ,
where ω(x,y) = 〈J(x),y〉. This is a solvable Lie algebra admit-
ting an invariant scalar product extending 〈−,−〉 on En by declar-
ing 〈e−, e+〉 = 1. The algebra will be indecomposable if J is non-
degenerate, which requires n to be even. Let Gω denote the 1-connected
solvable Lie group with this Lie algebra. The invariant scalar product
on the Lie algebra induces a bi-invariant metric on Gω, which relative
to coordinates similar to the ones used above, takes the Cahen–Wallach
form
ds2 = 2dx+dx− − 〈Jx, Jx〉 (dx−)2 + 〈dx, dx〉 .
Recall that a general Cahen–Wallach metric depends on a symmetric
matrix A in the form
ds2 = 2dx+dx− + A(x,x)(dx−)2 + 〈dx, dx〉 .
Comparing the two metrics we see that a Cahen–Wallach metric is the
bi-invariant metric on a solvable Lie group if and only if the matrix
A = J2 is negative-definite and every eigenvalue has even multiplicity.
In particular this means that the metric of the IIB maximally super-
symmetric wave [26] is in fact a bi-invariant metric on a solvable Lie
group, whereas the metric of the maximally supersymmetric M-wave
[27] is not. Of course, strings propagating in the IIB wave do not really
see the Lie group structure 2 since this background has no B-field, but
rather the RR self-dual five-form.
3. Lie branes in SU(1, 1)× SU(2)
The Lie branes in SU(1, 1) × SU(2) wrap submanifolds which are
given by (twisted, shifted) conjugacy classes of the group. These were
analysed originally in [12] and [13]. We briefly review these results to
ease the comparison.
The conjugacy classes of SU(2) are parametrised by T/Z2, where T
is a maximal torus and Z2 is the Weyl group which acts with two fixed
points. The quotient is therefore an interval, which we can take to
be [0, π]. The conjugacy class corresponding to θ ∈ [0, π] is a round
2-sphere with radius sin2 θ, hence it degenerates to a point at the end-
points of the interval. The induced metric on the two-dimensional
2although it might see a 4-Lie group structure [28], if such a thing exists.
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spheres is euclidean. The group SU(2) does not have outer automor-
phisms, hence no twisted D-branes.
If we parametrise SU(1, 1) as follows
SU(1, 1) =
{(
x+ iy u+ iv
u− iv x− iy
) ∣∣∣∣ x2 + y2 = 1 + u2 + v2
}
,
then conjugacy classes are essentially the intersection of the hyper-
boloid x2 + y2 = 1 + u2 + v2 in E2,2 with the affine hyperplanes
x = constant. More precisely, when |x| = 1 each of the resulting
intersections breaks up into three conjugacy classes corresponding to
the apex of a cone and the upper and lower deleted cones. Similarly
when |x| < 1 the intersection is a two-sheeted hyperboloid and each
sheet is a conjugacy class. Keeping only those conjugacy classes on
which the metric is nondegenerate, we have (see [12] for more details):
(1) 2 pointwise classes corresponding to ±1;
(2) a family of two-dimensional lorentzian submanifolds isometric
to dS2 with (squared) radius of curvature proportional to x
2−1;
and
(3) a family of two-dimensional non-flat riemannian submanifolds
isometric to hyperbolic spaces with (squared) radius of curva-
ture proportional to 1− x2.
The group SU(1, 1) does have outer automorphisms, giving rise to
twisted conjugacy classes. Up to inner automorphisms there is a unique
nontrivial outer automorphism which is realised by complex conjuga-
tion in the fundamental representation. The twisted conjugacy classes
are one-sheeted hyperboloids which can be understood as the intersec-
tion of the hyperboloid x2+y2 = 1+u2+v2 with the affine hyperplanes
u = constant. The corresponding metric is lorentzian and has negative
constant sectional curvature, whence it is isometric to an embedded
AdS2 in AdS3. These twisted D-branes were discovered by Bachas and
Petropoulos [13].
We can now enumerate the possible Lie branes in AdS3×S3:
(1) pointlike D-instantons;
(2) D-strings sitting at a point in S3, with worldvolume geometries
AdS2 ⊂ AdS3 or dS2 ⊂ AdS3;
(3) hyperbolic euclidean D-strings sitting at a point in S3;
(4) spherical euclidean D-strings sitting at a point in AdS3;
(5) D3-branes isometric to AdS2×S2 or dS2×S2; and
(6) euclidean D3-branes isometric to H2 × S2.
This is now to be compared with the Lie branes in the contracted
group, to which we now turn.
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4. Lie branes in the six-dimensional Nappi–Witten group
The problem of determining the submanifolds wrapped by Lie branes
in the six-dimensional Nappi–Witten group N obtained by contract-
ing SU(1, 1) × SU(2) consists in determining its (twisted) conjugacy
classes. As we will see, this problem is very similar to that for the four-
dimensional Nappi–Witten group [5], which was solved in [11], albeit
computationally somewhat more involved.
4.1. Orthogonal automorphisms. The first step is to determine the
group of orthogonal automorphisms of the Nappi–Witten group N .
Since the exponential map is a diffeomorphism in this case, we need
only determine the orthogonal automorphisms of its Lie algebra n.
These are Lie algebra automorphisms which preserve the metric. It
is straightforward to show that the most general orthogonal automor-
phism τ : n→ n is given by
τ(Pi) =
∑
j
MjiPj + ε
∑
j
MjiLjK
τ(J) =
∑
i
LiPi + εJ+
1
2
ε
∑
i
LiLiK
τ(K) = εK ,
(12)
where Li are arbitrary, ε = ±1 and Mij satisfy∑
k
MkiMkj = δij and
∑
k,ℓ
MkiJkℓMℓj = εJij .
In other words, Mij are the entries of an orthogonal matrix M ∈ O(4)
which preserves the complex structure J up to a sign. If ε = 1, then
M preserves the complex structure and hence the induced orientation
in R4. This means that M belongs to the intersection of SO(4) and
GL(2,C) in GL(4,R), which is isomorphic to U(2). If ε = −1, thenM =
UX where U belongs to U(2) andX is any matrix in SO(4) which obeys
XJ = −JX . One such possibility is X = diag(1,−1, 1,−1), which
belongs to the normaliser of U(2) in SO(4). In other words, conjugation
by X defines an outer automorphism χ of U(2) ⊂ SO(4) which in fact
is none other than complex conjugation. We therefore have two types
of elements (L, U, 1) and (L, UX,−1), where U ∈ U(2) ⊂ SO(4) and
L ∈ C2 ∼= R4. It is easy to work out the multiplication law for this
group:
(L,M, ε) · (L′,M ′, ε′) = (ML′ + ε′L,MM ′, εε′) .
This shows that the group Auto(n) of orthogonal automorphisms of n
(and hence of N ) is isomorphic to
Auto(n) ∼= C
2
⋊ (U(2)⋊ Z2) ,
where U(2) ⋊ Z2, the principal extension of U(2) by the outer au-
tomorphism χ, acts on C2 as follows. We embed C2 ⊂ Auto(n) as
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L 7→ (L, 1, 1) and the action of U(2)⋊Z2 is induced by conjugation in
Auto(n), whence
U · L = UL and UX · L = −UL¯ .
Notice that the invariant subgroup consisting of inner automorphisms
is C2 ⋊ U(1), where U(1) ⊂ SO(4) is the circle subgroup generated by
J . Let us define the group of outer (orthogonal) automorphisms:
Outo(n) =
Auto(n)
Inno(n)
∼=
C
2
⋊ (U(2)⋊ Z2)
C
2
⋊ U(1)
.
Notice that every element (L,M, ε) ∈ Auto(n) can be decomposed
uniquely as
(L,M, ε) = (0,M, ε)(M−1L, 1, 1) ,
whence modulo the inner automorphisms we can put L = 0. In other
words, the group of outer automorphisms is isomorphic to
Outo(n) ∼=
U(2)⋊ Z2
U(1)
.
Further, observe that a given element (M, ε) ∈ U(2) ⋊ Z2, is such
that M = U if ε = 1 or M = UX if ε = −1, where U ∈ U(2).
Given U ∈ U(2), we can write it as U = Sδ1/2, where S ∈ SU(2) and
δ = detU. This implies that we can write
(U, 1) = (S, 1)(δ1/2, 1)
(UX,−1) = (SX,−1)(δ¯1/2, 1) ,
whence modulo inner automorphisms we can always choose U to lie
in SU(2). Moreover U and −U are equivalent modulo inner automor-
phisms, whence we have that
Outo(n) ∼=
SU(2)⋊ Z2
Z2
.
In other words, Outo(n) consists of elements of the form (S, 1) and
(SX,−1), but where S and −S give the same outer automorphism.
This result is to be contrasted with the four-dimensional Nappi–Witten
group, whose group of outer (orthogonal) automorphisms is finite of
order 2.
4.2. Untwisted Lie branes. The untwisted Lie branes wrap conju-
gacy classes of the group N . To determine these classes we first com-
pute the adjoint action of N on N . To determine their geometry we
use the fact that at a point g0 ∈ N , the tangent space Tg0N has two
natural subspaces: Tg0C, which is the tangent space to the conjugacy
class C and Tg0Z, the tangent space to the centraliser subgroup Z of
g0: notice that trivially g0 ∈ Z. It can be shown that Tg0Z = (Tg0C)
⊥,
but it may happen that Tg0Z ∩ Tg0C 6= {0}. This happens if and only
if the restriction of the metric to the conjugacy class C (or equivalently
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to the centraliser Z) is degenerate. In this case, we cannot interpret
the conjugacy class as a D-submanifold, at least in a straightforward
manner, and we will ignore these cases presently. If the metric restricts
to C non-degenerately, then Tg0N = Tg0C ⊕Tg0Z and the direct sum is
orthogonal. We can then easily determine the signature of the metric
on the conjugacy class by determining that of the metric on the cen-
traliser subgroup, which is often easier to determine, since bi-invariance
allows us to work at the identity and hence with the Lie algebra.
From equations (7) and (8) we see that
g(u, θ, t)g(u0, θ0, t0)g(u, θ, t)
−1
= g
((
1− e−iθ0
)
u+ e−iθu0, θ0, t0 −
1
2
Im
(
u¯t0e
iθ
(
1 + e−iθ0
)))
, (13)
from where we deduce that θ0 is an invariant of the conjugacy class;
whence the induced metric is euclidean, although possibly degenerate.
Hence we fix a value of θ0 and investigate the action on the remaining
coordinates (u0, t0). Furthermore, periodicity allows us to restrict our
attention to θ0 ∈ R/2πZ.
4.2.1. θ0 = 0 (mod 2π). Conjugation maps
(u0, t0) 7→
(
e−iθu0, t0 − Im
(
u¯t0e
iθu
))
.
If u0 = 0, then g(0, 0, t0) belongs to the centre and hence the conjugacy
class is a point. If u0 6= 0 we obtain the cylindrical conjugacy class
consisting of elements
g(e−iθu0, 0, t) for all t ∈ R and θ ∈ R/2πZ,
which is diffeomorphic to R × S1. A routine calculation shows that
the metric restricts degenerately, whence these cylindrical conjugacy
classes cannot be straightforwardly interpreted as D-branes.
4.2.2. θ0 = π (mod 2π). Conjugation maps
(u0, t0) 7→ (2u+ e
−iθu0, t0) ,
which is the 4-plane labelled by t0. It is easy to see that the in-
duced metric has euclidean signature. Thus these conjugacy classes
are wrapped by euclidean D3-branes.
4.2.3. θ0 6= 0, π (mod 2π). We first determine the centraliser of an
element g(u0, θ0, t0). We find that it consists of the elements
g(u(θ), θ, t) where u(θ) =
1− e−iθ
1− e−iθ0
u0 .
Since the centraliser is two-dimensional (parametrised by θ and t), the
conjugacy classes are four-dimensional. The metric on the centraliser
is lorentzian, whence the metric on the conjugacy class at the chosen
element (and by homogeneity everywhere) is euclidean, whence these
conjugacy classes are wrapped by euclidean D3-branes.
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In summary, the conjugacy classes can be wrapped by D-instantons
and euclidean D3-branes.
4.3. Twisted Lie branes. We now turn our attention to the twisted
conjugacy classes
Cr(g0) =
{
r(g)g0g
−1|g ∈ N
}
where r is an orthogonal automorphism. As discussed above, the or-
thogonal outer automorphism group consists of elements of the form
(M, ε), where M = S if ε = 1 and M = SX if ε = −1, where
S ∈ SU(2). We repeat that S and −S give rise to the same outer
automorphism. If g = g(z, θ, t) is a group element and r is the auto-
morphism corresponding to (M, ε), then
r(g) = g(Mz, εθ, εt) =
{
g(Sz, θ, t) if ε = 1
g(Sz¯,−θ,−t) if ε = −1.
Under twisted conjugation by g, the element g0 = g(z0, θ0, t0) is mapped
to
r(g)g0g
−1 = g(z′, θ′, t′) ,
where, if ε = 1,
z′ = Sz + e−iθz0 − e
−iθ0z
θ′ = θ0
t′ = t0 +
1
2
ω(Sz, e−iθz0)−
1
2
ω(Sz + e−iθz0, e
−iθ0z) ;
(14)
whereas, if ε = −1,
z′ = Sz¯ + eiθz0 − e
−i(θ0−2θ)z
θ′ = θ0 − 2θ
t′ = t0 − 2t+
1
2
ω(Sz¯, eiθz0)−
1
2
ω(Sz¯ + eiθz0, e
−i(θ0−2θ)z) .
(15)
4.3.1. The case ε = 1. Let us first consider the case of ε = 1. We notice
that θ0 is an orbit invariant, whence the metric on the orbit will be
euclidean, but perhaps degenerate. The stabiliser of g0 is the subgroup
consisting of elements of the form g(z, θ, t) where t is unconstrained,
and where z, θ satisfy
(S − e−iθ0)z = (1− e−iθ)z0
ω(Sz, e−iθz0) = ω(Sz + e
−iθz0, e
−iθ0z) .
(16)
Inserting the first equation into the second, allows us to rewrite it as
ω(e−iθ0z + z0, (1 + e
−iθ)z0) = 0 . (17)
Two cases present themselves according to whether z0 vanishes or not.
If z0 = 0 then the second equation is automatically satisfied, θ is
unconstrained and z satisfies
(S − e−iθ0)z = 0 .
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Therefore the resulting stabiliser consists of elements g(z, θ, t) where
z obeys the above equation. We can break this up further into three
cases depending on the rank of the complex linear map ϕ := S− e−iθ0 .
In the generic case, ϕ will have (complex) rank 2 and hence z = 0.
The resulting stabiliser consists of g(0, θ, t) which is two-dimensional,
whence the orbit is four-dimensional: a euclidean D3-brane. If ϕ has
rank 1, so that ei2θ0 6= 1, then the stabiliser is four-dimensional, and
hence the orbit is a euclidean D-string. Finally the case where ϕ has
zero rank, which can only happen when ei2θ0 = 1 and S = ±1, reduces
to an inner automorphism. This has been considered in the previous
section and one obtains a D-instanton.
Now suppose that z0 6= 0. We again distinguish several cases depend-
ing on the rank of ϕ, although now z is not necessarily in its kernel. In
the generic case of rank 2, then ϕ is invertible and we can solve for z:
z = ϕ−1(1− e−iθ)z0 .
Inserting this into the second equation one finds that (remarkably?)
the equation is automatically satisfied for any value of θ. Therefore
the stabiliser, which consists of elements g(z(θ), θ, t), is clearly two-
dimensional and hence, for generic θ0, the twisted conjugacy classes
are wrapped by euclidean D3-branes.
There are two types of non-generic θ0: depending on whether the
(complex) rank of ϕ is 1 or 0. This latter case can only happen when
S = ±1 and θ0 = kπ for k ∈ Z. This latter case corresponds to twisting
by an inner automorphism, whence it was discussed in the previous
section. We will therefore focus briefly on the case of ϕ having rank 1,
and S 6= ±1.
There are two cases that we must consider, depending on whether or
not z0 belongs to the image of ϕ. If z0 6∈ imϕ then the first equation in
(16) can only be satisfied if eiθ = 1 and z ∈ kerϕ. The second equation
ω(z, eiθ0z0) = 0 either gives none or one (real) equation on z, so that
the stabiliser subgroup is either three-dimensional or two-dimensional
respectively. The resulting Lie branes are then euclidean D2- or D3-
branes, provided the metric restricts non-degenerately. We have not
checked, since we do not think they are particularly interesting.
Finally let us consider the case where z0 = ϕ(w0) for some w0. In
this case z = (1 − e−iθ)w0 + w, where w ∈ kerϕ. Since z0 6= 0, ϕ has
rank 1 or 2. The case of full rank has z = z(θ) and then the second
equation in (16) fixes θ. As a result the stabiliser is one-dimensional,
whence the orbit if five-dimensional but inherits a degenerate metric.
If the rank of ϕ is not maximal, then the stabiliser has dimension three
and, provided the metric is not degenerate (which we have not checked)
the orbit can be wrapped by euclidean D2-branes.
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In summary, all the Lie branes wrapping twisted conjugacy classes
associated to outer automorphisms with ε = 1 are euclidean: D-
instantons, D-strings, D2-branes (possibly) and D3-branes.
4.3.2. The case ε = −1. From the explicit expression (15) for the
twisted conjugacy of an element g(z0, θ0, t0), we find that the stabiliser
subgroup consists of elements g(z, 0, t) where3
4t = ω(Sz¯, z0)− ω(Sz¯ + z0, e
−iθ0z) ,
and z satisfies the real linear equation
Sz¯ = e−iθ0z .
Inserting this equation into the above expression for t we find
t = 1
2
ω(e−iθ0z, z0) .
The dimension of the orbit depends the rank of the real linear map
̺ : R4 → R4 defined by z 7→ Sz¯ − e−iθ0z, where S ∈ SU(2). A straight-
forward calculation shows that ̺ is invertible unless the off-diagonal
entries of S are pure imaginary. Concretely, if S =
(
a b
−b¯ a¯
)
, then
det ̺ = 4(Im b)2. Moreover if Im b = 0 then the (real) rank of ̺ is
2. Therefore, for generic S, the stabiliser is trivial and the resulting
Lie brane is a space-filling D5-brane. If S is such that ̺ has rank
2 then the resulting Lie brane is a D3-brane. We will see below that
these D3-branes have the geometry of a four-dimensional Nappi–Witten
spacetime. We see thus that the six-dimensional Nappi–Witten group
admits many foliations by four-dimensional Nappi–Witten spacetimes.
To summarise the results of this section, the Lie branes of NW6 are
of the following types: D-instantons, euclidean D-strings, euclidean
D2-branes (possibly), euclidean D3-branes and perhaps the most inter-
esting ones are lorentzian D3-branes and space-filling D5-branes.
4.4. Geometry of lorentzian Lie branes. We will focus on the Lie
branes with lorentzian signature and investigate their geometry. The
space-filling D5-branes are of course isometric to the spacetime itself;
hence we will concentrate on the D3-branes. The geometry of the D3-
branes can be worked out from the formulae for the metric and the
embedding of the twisted conjugacy classes, once we find a convenient
parametrisation. We will show that the D-submanifolds wrapped by
the D3-branes are isometric to the Nappi–Witten spacetime [5].
This is not unexpected, based on the analogous analysis of the Lie
branes of the Nappi–Witten spacetime itself [11]. Indeed the twisted
conjugacy classes of NW4, whose metrics are given in equations (22)
3A word of caution: we have set θ = 0 because we are working in the universal
cover of the group, so that θ0 ∈ R. If instead we work in a quotient where θ0 ∈
R/2pinZ, then the condition is that θ ∈ pinZ, so that eiθ = (−1)n, whence for odd
n we would have to modify the discussion below.
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and (23) of [11], are themselves three-dimensional symmetric plane
waves. Indeed they are isometric to the unique three-dimensional sym-
metric plane wave, as can be seen by changing variables in those equa-
tions to bring both metrics to the form
ds2 = dx2 − x2(dx−)2 + 2dx+dx− .
We can also argue purely geometrically that D-submanifold isomet-
ric to NW4 exists in NW6. Indeed, as shown in [4], the Nappi–Witten
metric arises as a Penrose limit of AdS2×S2 (with equal radii of cur-
vature) along any null geodesic having a nonzero velocity component
tangent to the sphere.4 On the other hand, we know that AdS3×S3
has a family of D-branes with the geometry of AdS2×S2. We would
like to find a situation in which the Penrose limit will simultaneously
induce the Penrose limits of the brane and of the ambient spacetime. In
other words, we would like to encounter a situation where the following
diagram commutes
AdS3×S3
Penrose limit
−−−−−−−→ NW6x x
AdS2×S2
Penrose limit
−−−−−−−→ NW4
(18)
where the vertical arrows are isometric embeddings given by the cor-
responding twisted conjugacy classes.
To achieve this, it is enough to ensure the existence a null geodesic
in AdS3×S3 (with nonzero velocity component tangent to the sphere)
which starts from a point in one of these AdS2×S2 and whose initial
velocity is tangent to the AdS2×S2 and which stays on AdS2×S2 for
all time. Then the Penrose limit of AdS3×S
3 along this null geodesic,
which gives rise to NW6, induces simultaneously the Penrose limit of
AdS2×S2, which is known to give rise to the Nappi–Witten space-
time NW4. The above conditions on the null geodesic will be met if
AdS2×S2 ⊂ AdS3×S3 is a totally geodesic submanifold; although this
may be too strong, since we only require this property for a particular
null geodesic. Let us recall that a submanifold is totally geodesic if and
only if its second fundamental form vanishes. In principle one could
compute the second fundamental forms of these (twisted) conjugacy
classes and see that there is a totally geodesic AdS2×S
2 among the
twisted D-branes of AdS3×S3; but in fact we will arrive at this result
by more geometric means.
To this end we employ the useful fact that a hypersurface which is
the fixed point set of a “reflection” is automatically totally geodesic.
4This is not the only way this metric arises as a Penrose limit: in [19] it arises
as the Penrose limit of the near-horizon geometry of an NS5-brane.
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Let us elaborate on this. Suppose that (M, g) is a (pseudo-)riemannian
manifold and that τ : M → M is an isometry having as fixed point
set a hypersurface N ⊂ M ; that is, a submanifold of codimension
one. We will assume that g restricts non-degenerately on N , so that
for every p ∈ N , TpM = TpN ⊕ TpN
⊥, and that the derivative map
τ∗ : TpM → TpM is a reflection in TpN . In other words, we have that
τ∗|TpN = id and τ∗|TpN⊥ = − id .
(This defines what we meant by “reflection” above.) The second fun-
damental form of N ⊂M defines for every p ∈ N a symmetric bilinear
map IIp : TpN×TpN → TpN⊥. The action of τ∗ is such that IIp changes
sign, but on the other hand τ is an isometry which leaves N pointwise
fixed, hence IIp is invariant. The only way these two statements can
be reconciled is if IIp vanishes identically.
We will now exhibit a totally geodesic AdS2×S
2 in AdS3×S
3 by
exhibiting the AdS2 and the S
2 as fixed point sets of a reflection on
AdS3 and S
3, respectively. Let us first consider the S2 ⊂ S3 consisting
of an equatorial sphere; in other words, if S3 is defined as the quadric
in E4 given by
x2 + y2 + z2 + w2 = R2 ,
then consider the reflection x 7→ −x and leaving y, z, w invariant. This
is an isometry of E4 which preserves and hence induces an isometry
in S3. This isometry fixes the intersection of S3 with the hyperplane
x = 0, which is the equatorial two-sphere given by x = 0 and y2+ z2+
w2 = R2, which is then totally geodesic in S3.
Similarly consider the following AdS2 ⊂ AdS3. If we think of AdS3
as the quadric
x2 + y2 = R2 + u2 + v2 in E2,2,
then the family of twisted conjugacy classes isometric to AdS2 are those
corresponding to u = constant. Consider the “time reversal” isometry
of E2,2 given by u 7→ −u and leaving x, y, v invariant. This isometry
preserves and hence induces an isometry of AdS3 which fixes the inter-
section of AdS3 with the hyperplane u = 0. The corresponding AdS2 is
therefore totally geodesic. Notice that both the totally geodesic S2 and
AdS2 inherit their radius of curvature from the ambient S
3 and AdS3,
respectively; whence if the radius of curvature of the ambient spaces
are equal, so are the ones of the AdS2 and S
2. In summary we have
exhibited a totally geodesic AdS2×S2 with equal radii of curvature in-
side AdS3×S3, and hence by the commutativity of the above diagram,
the Penrose limit will give rise to a NW4 submanifold of NW6.
We can exhibit this submanifold explicitly as a twisted conjugacy
class of the Nappi–Witten group N , as follows. Consider the automor-
phism r of N given by
g(z, θ, t) 7→ g(z¯,−θ,−t) ;
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in other words, this is the element (X,−1) in the outer automorphism
group, corresponding to S = 1. Let g0 = g(z0, θ0, t0) be an arbitrary el-
ement and consider its orbit under the twisted adjoint action r(g)g0g
−1,
whose elements are given by equation (15) with S = 1. Without loss
of generality we parametrise the twisted conjugacy class as
g(e−iφ/2eiθ0/2z0 + z¯ − e
−iφz, φ, s) ,
where φ, s ∈ R. As z ∈ C2 varies, the points
e−iφ/2eiθ0/2z0 + z¯ − e
−iφz
define an affine (real two-dimensional) plane through e−iφ/2eiθ0/2z0 in
R
4 which, after a moment’s thought, can be seen to be parametrised
by
e−iφ/2(eiθ0/2z0 − 2iy) for y ∈ R
2 ⊂ C2.
In summary, the twisted conjugacy class consists of elements
g(e−iφ/2(eiθ0/2z0 − 2iy), φ, s)
where (y, φ, t) ∈ R4. Write eiθ0/2z0 = x0 + iy0, with x0, y0 ∈ R
2. Define
the following coordinates
x = y0 − 2y , x
− = 1
2
φ and x+ = −2s+ 1
4
|x0|
2φ ,
where here and below | |2 indicates the euclidean norm of a two-vector.
Relative to these coordinates the metric induced from (11) takes the
form
ds2 = |dx|2 − |x|2(dx−)2 + 2dx+dx− , (19)
which we recognise as the metric of the Nappi–Witten spacetime. In
summary, we have exhibited a foliation of the Penrose limit of AdS3×S3
consisting of Nappi–Witten spacetimes. Moreover (at least some of)
these “braneworlds” are themselves the Penrose limits of AdS2×S2
braneworlds in AdS3×S3.
How about the other lorentzian D3-branes? In fact, it is not hard to
show that they are also isometric to Nappi–Witten spacetimes. To see
this let S =
(
a b
−b¯ a¯
)
, where b = iγ is pure imaginary and a = α+ iβ,
where α2 + β2 + γ2 = 1. We will assume that α < 1, for otherwise
S = 1 and this was the Lie brane we just described. The corresponding
twisted conjugacy class consists of points
g(e−iφ/2eiθ0/2z0 + Sz¯ − e
−iφz, φ, s) ,
with φ, s ∈ R. It is convenient to define w = e−iφ/2z and w0 = e
iθ0/2z0,
so that the conjugacy class now consists of the points
g(e−iφ/2(w0 + Sw¯ − w), φ, s) .
Our assumption that α 6= 1 implies that we can take w ∈ R2 ⊂ C2 and
this still parametrises the conjugacy class. (For α = 1 we would (and
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did) take iw ∈ R2.) The induced metric on this submanifold is given
by
ds2 = |Sdw − dw|2 − |w0 + Sw − w|
2dφ2 − 2dφds ,
which can be rewritten as
ds2 = 2(1− α)|dw|2 − (2(1− α)|w − c|2 + µ)dφ2 − 2dφds ,
for some c ∈ R2 and µ ∈ R whose explicit expressions are of no rele-
vance. Now simply define the new coordinates
x =
√
2(1− α)(w − c) , x− = 1
2
φ and x+ = −2s− µφ ,
relative to which the metric adopts the standard form (19) for the
Nappi–Witten spacetime.
5. Summary and discussion
In summary we have determined the Lie branes of the symmetric
plane wave NW6 which arises as the Penrose limit of AdS3×S3 along a
generic null geodesic. Among the lorentzian Lie branes we have found
D3-branes which are isometric to Nappi–Witten spacetimes NW4. In-
deed, NW6 can be foliated by NW4 in a variety of ways. We have
argued that at least one of these D3-branes arises as the Penrose limit
of a totally geodesic AdS2×S2 Lie brane of AdS3×S3. We also exhib-
ited the whole NW6 spacetime as a space-filling D5-brane, but since
there are no space-filling Lie branes in AdS3×S3, its origin is more
mysterious; although as shown in [16], when warped into a fivebrane
solution of type IIB supergravity it can be understood as the Penrose
limit of a (non Lie) fivebrane solution with worldvolume AdS3×S3.
One can ask about the fate of the other Lie branes in AdS3×S
3 un-
der the Penrose limit. If the null geodesic along which the limit is taken
does not lie along the Lie brane, there is not much that can be said.
Some of the D-strings in AdS3×S3, e.g., those with AdS2 geometry, be-
have nicely under the Penrose limit of AdS3×S
3 along a null geodesic
with zero velocity component along S3, which yields flat space. These
D-strings become D-strings with flat worldsheets in Minkowski space-
time. Notice that if we think of Minkowski spacetime as an abelian
Lie group, then these Lie branes are precisely the twisted conjugacy
classes which, when written additively, are seen to be precisely the
affine planes consisting of the points
x0 + r(x)− x
where r is now a Lorentz transformation. Similarly, it is tempting to
conjecture that lorentzian twisted conjugacy classes of lorentzian Lie
groups which are also symmetric plane waves are themselves symmetric
plane waves.
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